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The financial market is becoming increasingly aware of the fact that return variance on stock indexes is

stochastic and the variance risk is heavily priced.1 Associated with this recognition is the development of a

large number of variance-related derivative products. Themost actively traded among them is the variance

swap contract. The contract has zero value at inception. At maturity, the long side of the variance swap

contract receives the difference between a standard measure of the realized variance and a fixed rate, called

the variance swap rate determined at the inception of the contract. Although traditional derivative contracts

such as calls, puts, and straddles have variance risk exposure, entering a variance swap contract represents

the most direct way of achieving exposure to or hedging against variance risk.

Variance swap contracts on major equity indexes are actively traded over the counter. Accordingly,

variance swap rate quotes on such indexes are now readily available from several broker dealers. In this

paper, we obtain more than a decade worth of variance swap rate quotes from a major investment bank on

the S&P 500 index at five fixed maturities from two months to twoyears. With the data, we first propose a

class of models on variance risk dynamics and then estimate the variance dynamics and the market pricing

of different sources of variance risk by exploiting the richinformation embedded in both the time series

and the term structure of the variance swap rate quotes. Furthermore, based on the estimated dynamics

and market pricing, we also study both theoretically and empirically how investors can use variance swap

contracts across different maturities to span the variancerisk and to revise their dynamic asset allocation

decisions.

Despite the well-appreciated importance of understandingvariance risk dynamics and variance risk pre-

mia, it remains an unsettled issue on how to model and estimate variance risk dynamics and variance risk

premia mainly because return variance is not directly observable. Previous literature mostly relies on the

information in time series returns and option prices on the underlying security to make the inference. Yet,

such inference is almost always joint inference with the underlying return dynamics. Misspecification on one

leads to erroneous conclusions on the other. With variance swap rate quotes, we show that we can directly

study and estimate the variance dynamics and variance risk premia without specifying the underlying return

dynamics, and hence without interference from the potential misspecifications on the return dynamics.

Our model design and estimation show that we need two stochastic variance risk factors to explain the

variation in the variance swaps at different maturities, with one factor controlling the instantaneous variance

1See Engle (2004) for a recent review of variance risk and modeling, and Bakshi and Kapadia (2003), Carr and Wu (2007), and
Bondarenko (2004) for evidence on the market price of variance risk.



rate while the other controlling the central tendency of thevariance rate movements. The variance rate

factor is much more transient than the central tendency factor under both the risk-neutral and the statistical

measures, thus generating different loading patterns across the term structure from the two risk factors and

different autocorrelation patterns for variance swap rates of different maturities. We also find that the market

prices for both variance risk factors must be negative to match the upward-sloping mean term structure

observed from the variance swap data.

With the estimated dynamics and market pricing, we considera dynamic asset allocation problem, where

an investor equipped with a CRRA utility function trades in the S&P 500 stock index, a riskless bond, and

a series of variance swap contracts to maximize her utility on the terminal wealth. Compared to option

contracts, variance swap contracts provide a more direct approach in spanning the variance risk. Since the

variance swap is a linear contract in variance risk, by trading these contracts, the investor does not build

up additional delta exposures to the underlying stock, as would be the case for strategies involving vanilla

options.

We first derive the allocation decision in analytical form, and then calibrate the decision to the estimated

variance dynamics. It has been argued in the literature (see, e.g., Chacko and Viceira (2005)) that the

intertemporal hedging demand caused by the presence of stochastic volatility does not lead to significant

changes in the dynamic portfolio allocation. We find that by making the variance swap contract available to

span the variance risk, an investor drastically alters the investment allocation to stocks, not because of the

hedging demand but merely due to the availability of the variance swap market.

When we perform an out-of-sample study to investigate the impact of variance swap investment on the

overall performance of portfolio strategies, we find that incorporating variance swap contracts significantly

increases the portfolio performance. We interpret our results as evidence in favor of profitable trading

strategies that may occur to the investor who possesses the ability to go both long and short in variance swap

contracts.

Our study is related to three strands of literature. The firststrand includes all traditional studies that

estimate the variance dynamics joint with the return dynamics (see Engle (2004) for a review). The second

strand studies the market pricing of variance risk by comparing time-series returns and/or realized vari-

ances to options or option portfolios. Prominent examples include Bakshi and Kapadia (2003), Bondarenko

(2004), Carr and Wu (2007), and Coval and Shumway (2001). By using the time series of variance swap
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rates across different maturities in this paper, we infer both the variance risk dynamics and the market prices

of different sources of variance risk without resorting to the specification of the return dynamics. The third

strand of the literature studies the asset allocation problem in the presence of derivative securities. Carr and

Madan (2001) and Carr, Jin, and Madan (2001) focus on how to use vanilla options across different strikes

to span the jump risk with random jump size, in the absence of stochastic variance. Complementing to their

study, we focus on how to use variance swap contracts of different maturities to span the multi-dimensional

stochastic variance risk, while secluding ourselves from jump risk. Liu and Pan (2003) analyze investments

in vanilla options in the presence of both jumps and stochastic variance. In this case, the allocation to a

vanilla option at a given strike and maturity is a result of mixed effects from spanning the jump risk and the

stochastic variance risk. To disentangle the effects, theyassume a constant jump size and hence effectively

seclude themselves from the strike dimension analyzed in Carr and Madan (2001) and Carr, Jin, and Madan

(2001).

The remainder of the paper is organized as follows. Section Iintroduces a class of affine stochastic

variance models and shows how to price variance swaps under this setting and how to identify the variance

dynamics and market prices of variance risks using both the time series and the term structure of variance

swap rates. Section II presents the estimation results for the variance risk dynamics and variance risk premia.

Section III derives the optimal portfolio allocation policies. Section IV calibrates the allocation decisions to

the estimated dynamics and analyzes how incorporating variance swap contracts alters an investor’s strategic

decision and improves her welfare. Section V concludes.

I. Affine Market Models of Stochastic Variance

A. Basic setup

Formally, let(Ω,F ,(Ft)t≥0,P) be a complete stochastic basis and letP be the statistical probability measure.

Let Q denote a risk-neutral measure that is absolutely continuous with respect toP. No arbitrage guarantees

that there exists at least one such measure that prices all traded securities (Duffie (1992)). LetVt,T ≡ ∫ T
t vsds

denote the aggregate return variance during the period[t,T] with τ = T−t denoting the length of the horizon.
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We assume that the dynamics of the instantaneous variance rate vt is controlled by ak-dimensional

Markov processX, which starts atX0 and satisfies the following stochastic differential equation under the

risk-neutral measureQ:

dXt = µ(Xt)dt+ ΣX(X)dBX
t +

(

qdNX(λ(Xt))− q̄λ(Xt)dt
)

, (1)

whereµ(Xt) ∈ Rk denotes the instantaneous drift function,BX denotes ak-dimensional independent Brow-

nian motion withΣX(X)ΣX(X)⊤ ∈ Rk×k being the symmetric and positive definite instantaneous covariance

matrix, andNX denotesk independent Poisson jump components with intensitiesλ(Xt) ∈ Rk and with the

random jump magnitudesqbeing a diagonal(k×k) matrix, characterized by its two-sided Laplace transform

Lq(·) and withq̄ = EQ[q]. The last two terms in equation (1) form ak-dimensional jump martingale.

To analyze the variance risk dynamics using variance swap rates, we adopt the affine framework of

Duffie, Pan, and Singleton (2000) and model the term structure of variance swaps within the affine class.

Definition 1 In affine stochastic variance models, the Laplace transform of the quadratic variation, Vt,T =
∫ T

t vsds, under the risk-neutral measureQ is an exponential-affine function of the state vector Xt :

LV(u) ≡ EQ
[

e−uVt,T
∣

∣Ft
]

= exp
(

−b(τ)⊤Xt −c(τ)
)

, (2)

whereb(τ) ∈ Rk and c(τ) is a scalar.

The definition implicitly limits us to time-homogeneous models since the coefficients depend only on

the horizonτ = T − t, but not on the calendar timet. The following proposition presents a set of sufficient

conditions for the affine definition in equation (2) to hold.

Proposition 1 If under the risk-neutral measureQ, the instantaneous variance rate vt , the drift vector µ(X),

the diffusion covariance matrixΣX(X)ΣX(X)⊤, and the jump arrival rateλ(X) of the Markov process X are

all affine in X, then the Laplace transformLV(u) is exponential-affine in Xt .
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The above process specifications are directly adopted from Duffie, Pan, and Singleton (2000) on general

asset pricing modeling. In particular, let theQ-dynamics be defined as2

vt = b⊤
v Xt +cv, bv ∈ Rk,cv ∈ R,

µ(Xt) = κ(θ−Xt) , κ ∈ Rk×k,θ ∈ Rk,

ΣX(X)ΣX(X)⊤ = diag[α+ βXt] , α ∈ Rk,β ∈ Rk×k,

λ(Xt) = αλ + βλXt , αλ ∈ Rk,βλ ∈ Rk×k.

(3)

We further constrainβ and βλ to be diagonal matrices. Given the above specification, the coefficients

{b(τ),c(τ)} for the Laplace transform in (2) are determined by the following ordinary differential equations:

b′(τ) = ubv− (κ+ q̄βλ)
⊤b(τ)− 1

2
βdiag

[

b(τ)b(τ)⊤
]

−βλ (Lq(b(τ))−1) , (4)

c′(τ) = ucv +(κθ− q̄αλ)
⊤b(τ)− 1

2
α⊤ diag

[

b(τ)b(τ)⊤
]

−α⊤
λ (Lq(b(τ))−1) ,

with the boundary conditionsb(0) = 0, andc(0) = 0.

B. Pricing variance swaps

The terminal payoff of a variance swap contract is the difference between the realized variance over a

certain time period and a fixed variance swap rate, determined at the inception of the contract. The variance

difference is multiplied by a notional amount that convertsthe difference into dollar terms. Since the contract

is worth zero at inception, no-arbitrage dictates that the value of the variance swap rate is equal to the risk-

neutral expected value of the realized variance over the relevant time period. Formally, the time-t value of

an annualized variance swap rate with expiry dateT is given by,

VSt(T) =
1
τ
E

Q
t

[

∫ T

t
vsds

]

, τ = T − t. (5)

2We use the convention that diag[v] maps the vectorv onto a diagonal matrix with elements from the vectorv. For a matrixM,
diag[M] is the vector consisting of the diagonal elements ofM.
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In the affine stochastic variance framework, the variance swap rate can be solved from the Laplace

transform in equation (2):

E
Q
t [Vt,T ] = − ∂E

Q
t

[

e−uVt,T
]

∂u

∣

∣

∣

∣

∣

u=0

= LV(u)

(

[

∂b(τ)
∂u

]⊤
Xt +

∂c(τ)
∂u

)∣

∣

∣

∣

∣

u=0

= B(τ)⊤X0+C(τ) , (6)

which is affine in the current level of the state vectorXt . Note thatLVt(u)|u=0 = 1 and the coefficientsB(t)

andC(t) are defined as the partial derivatives ofb(τ) andc(τ) with respect tou. Plugging the derivatives

into the ordinary differential equations in (4) and settingu = 0, we obtain a new set of ordinary different

equations that determine the coefficients of the variance swap rates:

B′(τ) = bv− (κ+ q̄βλ)
⊤B(τ)−βdiag

[

b(τ)B(τ)⊤
]

−βλ diag[∇Lq(b(τ))B(τ)] ,

C′(τ) = cv +(κθ− q̄αλ)
⊤B(τ)−α⊤diag

[

b(τ)B(τ)⊤
]

−α⊤
λ diag[∇Lq(b(τ))B(τ)] ,

(7)

with the boundary conditionsB(0) = b(0) = 0 andC(0) = 0. With u = 0, the ordinary differential equation

for b(τ) becomes

b′(τ) = −(κ+ q̄βλ)
⊤b(τ)− 1

2
βdiag

[

b(τ)b(τ)⊤
]

−βλ (Lq(b(τ))−1) . (8)

Starting atb(0) = 0, we haveb′(0) = 0. Thus,b(t) = 0, for all t = 0, is a solution. The equations in (7)

simplify to

B′(τ) = bv− (κ+ q̄βλ)
⊤B(τ)−βλ diag[∇Lq(b(0))B(τ)] ,

C′(τ) = cv +(κθ− q̄αλ)
⊤B(τ)−α⊤

λ diag[∇Lq(b(0))B(τ)] , (9)

where∇Lq(b(0)) denotes the gradient ofLq(b(τ)) with respect tob(τ), evaluated atb(0) = 0. Therefore,

∇Lq(b(0)) = −q̄ (10)

and the equations in (9) reduce to

B′(τ) = bv−κ⊤B(τ), C′(τ) = cv +B(τ)⊤κθ. (11)
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The two ordinary differential equations in (11) can be solved analytically.

Proposition 2 In the affine stochastic variance framework as specified in (3), the time-t variance swap rate

with expiry date T is given by

VSt(T) =
1
τ

[

B(τ)⊤Xt +C(τ)
]

, (12)

with

B(τ) =
(

I −e−κ⊤τ
)(

κ⊤
)−1

bv; C(τ) =
(

cv +b⊤
v θ
)

τ−B(τ)⊤ θ, (13)

where e(·) denotes the matrix exponential operator, defined as:

eM ≡
∞

∑
n=0

Mn

n!
. (14)

From Proposition 2, we obtain the following corollary:

Corollary 1 Under the affine stochastic variance framework defined in (2), the term structure of the return

variance swap rate only depends upon the specification of thedrift of the state vector, but does not depend

upon the type and specification of the martingale component of these factors. Holding constant the long run

mean and the reverting speed, the term structure remains thesame whether the martingale component is a

pure diffusion, a pure jump martingale, or a mixture of both.

The corollary follows readily by inspecting the solutions of the coefficients{B(τ),C(τ)} in equation

(13) that determine the variance swap rate in equation (6). Note in particular that the parameters control-

ling the covariance matrix of the diffusion component(α,β) and the parameters for the jump component

(αλ,βλ,Lq(·)) do not enter the solutions of the coefficients.

Corollary 1 implies that from the term structure of the return variance swap, one can identify the risk-

neutral drift of the state vector that controls the dynamicsof the return quadratic variation. Nevertheless,

the innovation (martingale) specifications of the instantaneous variance rate play little role in determining

the term structure of the return variance swap rate, although they affect the time-series behavior of the swap

rates.
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It is worth noting that although we use the affine specification to illustrate the corollary, the variance

swap rate only depends on the risk-neutral drift of the instantaneous variance rateµ(v) under any instanta-

neous variance rate dynamics:

VSt(T) =
1
τ
E

Q
t

[

∫ T

t
vsds

]

=
1
τ
E

Q
t

[

∫ T

t
µ(vs)ds

]

, (15)

as the expectation of the martingale component equals zero.This conclusion is a result of the linear relation

between the variance swap rate and future instantaneous variance rates.

C. Model design

Proposition 1 identifies a set of conditions that generates the affine stochastic variance class. Based on these

conditions, we design both a one-factor and a two-factor model for the variance risk dynamics and compare

their empirical performance in matching the time-series and term structure behaviors of the variance swap

rates.

C.1. A one-factor variance rate model

In the one-factor setting, we let the variance rate follow the square-root dynamics as in Heston (1993). Under

the risk-neutral measureQ, the instantaneous variance rate dynamics are:

dvt = κv (θv−vt)dt+ σv
√

vtdBv
t . (16)

Comparing equation (16) to the general conditions in (3), wehavebv = 1,cv = 0,bv = 1,α = 0,β = σ2
v,λ = 0.

Plugging these parameterizations into (13) and rearranging, we have the variance swap rate as,

VSt(T) = φv(τ)vt +(1−φv(τ))θv, (17)

with

φv(τ) =
1−e−κvτ

κvτ
. (18)

With a stationary risk-neutral variance rate dynamics (κv > 0), the coefficientφv(τ) is between zero and

one. Thus, the variance swap rate is a weighted average of theinstantaneous variance ratevt and its risk-
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neutral long-run meanθv. The weight depends on the maturity (τ) of the variance swap contract and the

risk-neutral mean-reversion speed of the variance rate (κv). The linear structure further dictates that under

this one-factor setting, variance swap rates of all maturities show the same statistical persistence as that for

the instantaneous variance ratevt .

Holding the maturity fixed asκv declines and the variance rate becomes more persistent,φv(τ) increases

and the current variance ratevt has a larger impact on the variance swap rate. In the limitκ → 0 and

φv(τ) → 1, the variance swap rates of all maturities are equal to the instantaneous variance rate level. On

the other hand, as the mean-reversion speed increases, the long-run mean imposes a heavier weight on the

variance swap rate. Asκ → ∞ and the instantaneous variance rate shows zero persistence, the variance swap

rate is always equal to the long-run mean.

Holding a fixed mean-reversion speedκv > 0, the coefficientφv(τ) starts at one atτ = 0 and declines to

zero with increasing maturity. Hence, the variance swap rate converges to the instantaneous variance rate as

the maturity goes to zero and converges to the risk-neutral long-run mean as the maturity goes to infinity.

Taking expectations on both sides of equation (17) under thestatistical measureP, we obtain the mean

term structure of variance swap rates as

EP[VSt(T)] = φv(τ)θP
v +(1−φv(τ))θv, (19)

which is a weighted average of the statistical meanθP
v ≡ EP [vt ] and the risk-neutral meanθv of the instan-

taneous variance rate. Sinceφv(τ) declines monotonically with increasing maturity, the risk-neutral mean

has an increasing weight at longer maturities. Therefore, to generate an upward or downward sloping mean

term structure for the variance swap rates, we need the statistical mean and the risk-neutral mean of the

instantaneous variance rate to be different. The difference between the two mean values dictates the sign of

the variance risk premium.

C.2. A two-factor variance rate model

We also consider a two-factor variance rate dynamics, whichsatisfy the following risk-neutral dynamics,

dvt = κv (mt −vt)dt+ σv
√

vtdBv
t ,

dmt = κm(θm−mt)dt+ σm
√

mtdBm
t ,

dBv
t dBm

t = 0, (20)
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where the instantaneous variance rate (vt ) reverts to a stochastic mean level (mt). The mean level follows

another square-root process. Analogous to Balduzzi, Das, and Foresi (1998) for interest rate modeling, we

labelmt as the stochastic central tendency of the instantaneous variance rate, withθm being the unconditional

long-run mean for bothvt andmt .

Under this specification, the variance swap rates are given by,

VSt(T) = φv(τ)vt + φm(τ)mt +(1−φv(τ)−φm(τ))θm, (21)

with

φv(τ) =
1−e−κvτ

κvτ
, φm(τ) =

1+ κm
κv−κm

e−κvτ − κv
κv−κm

e−κmτ

κmτ
. (22)

The variance swap rate in equation (21) is a weighted averageof the instantaneous variance ratevt , its

stochastic central tendencymt , and the risk-neutral long-run meanθ. The weight on the instantaneous

variance rate is the same as in the one-factor case. The weight converges to one as the maturity goes to

zero and converges to zero as the maturity goes to infinity. The weight onmt also converges to zero as

the maturity goes to infinity. Hence, the variance swap rate starts at the instantaneous variance rate level

at zero maturity and converges to the long-run meanθm as maturity goes to infinity. The stochastic central

tendency factor plays a role in the intermediate maturities, with the weighting coefficientφm(τ) exhibiting a

hump-shaped term structure.

Under this two-factor structure, swap rates at different maturities can show different degrees of persis-

tence. In particular, if the central tendency factor is morepersistent than the instantaneous variance rate, the

short-term swap rate will become less persistent than the long-term swap rate. For the variance processvt to

be stationary underQ, we furthermore require thatκv,κm > 0.

D. Market prices of variance risks

For both models, we assume that the market price on each source of risk is proportional to the square root

of the risk level:

γ(Bv
t ) = γv

√
vt , γ(Bm

t ) = γm
√

mt . (23)
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Under the one-factor model, the statistical dynamics of thevariance rate become,

dvt = κP
v

(

θP
v −vt

)

dt+ σv
√

vtdBv
t , (24)

with κP
v = (κv − γvσv) and θP

v = κvθ/κP
v . Thus, a negative market price for the variance risk makes the

statistical variance rate process more mean reverting thanits risk-neutral counterpart (κP
v > κv) and makes

the statistical mean variance rate lower than its risk-neutral counterpart (θP
v < θv). A positive market price

for the variance risk generates the opposite effects.

Under the two-factor model, the statistical dynamics of thevariance rate become,

dvt = κP
v

(

κv
κP

v
mt −vt

)

dt+ σv
√

vtdBv
t ,

dmt = κP
m

(

θP
m−mt

)

dt+ σm
√

mtdBm
t ,

(25)

with κP
m = κm− γmσm andθP

m = κmθm/κP
m. In this case, the long-run statistical mean of the variancerate

becomesθP
v = κvθP

m/κP
v = κvκm

κP
v κP

m
θm. Similar to the one-factor case, negative market price on the variance

risk (Bv) increases the mean-reversion speed (κP
v ) and reduces the long-run mean (θP

v ) under the statistical

measure. Negative market price on the central tendency has similar effects on the central tendency dynamics.

It also further reduces the long-run statistical mean of theinstantaneous variance rate. Positive market prices

for both risk factors generate the opposite effects.

II. Estimating Variance Risk Dynamics and Variance Risk Premia

We estimate the variance risk dynamics and variance risk premia using over-the-counter quotes on variance

swap rates on the S&P 500 index. From a major broker dealer, weobtain daily closing quotes on variance

swap rates with fixed time to maturities at two, three, six, 12, and 24 months starting January 10, 1996, and

ending March 30, 2007, spanning over 12 years. To avoid the effect of weekday patterns on the dynamics

estimation, we sample the data weekly on every Wednesday. When Wednesday is a holiday, we use the

quotes from the previous business day. The data sample contains 586 weekly observations for each series.
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To enhance the identification of variance risk premia, we also obtain the time series data on the S&P 500

index and compute the ex-post annualized realized variancebased on daily log returns,

RVt,T =
365
D

D

∑
d=1

(lnSt+d/St+d−1)
2

whereSt denotes the index level at timet andD denotes the number of days between timet andT. Following

industry standard in variance swap payoff calculations, wecompute the realized variance using un-demeaned

log daily returns. At each datet, we compute realized variance over fixed horizons of 7, 30, 60, 90, 120,

and 150 days, and use these realized variance series together with the variance swap rates to identify the

variance risk dynamics and variance risk premia. Ideally, we want to include realized variance over horizons

that match the whole spectrum of the variance swap maturity.Yet incorporating realized variance of longer

horizons would severely shorten our sample length. The choice of horizon from seven to 150 days is a trade

off between the two consideration. Since we have obtained the S&P 500 index series up to September 4,

2007, we can compute the realized variance for the full variance swap sample period up to 150 day horizons.

A. Summary statistics of variance swap rates and realized variance

The left panel of Figure 1 plots the time series of the variance swap rate quotes at three selected maturities of

two (solid line), six (dashed line), and 24 (dotted line) months. The right panel plots the mean term structure

(solid line) and various representative term structure shapes at different dates. From the time series plots, we

observe that the variance swap rates started at relatively low levels, but experienced a spike during the 1997

Asian crisis, and another even larger spike during the hedgefund crisis in late 1998. The series witnessed

another two spikes between 2001 and 2003, but otherwise havebeen declining to very low levels. Over the

course of the past ten years, the variance swap rate level hasvaried greatly from as low as 0.0108 to as high

as 0.2548. In volatility terms, the variation is from 10.39%to 50.48%.

[Figure 1 about here.]

The right panel shows that the term structure of variance swap rates can take a wide variety of shapes,

including upward sloping, downward sloping, and hump-shaped term structures. A successful model of

variance risk dynamics and variance risk premium specification must capture not only the large variation in

the volatility levels, but also the different shapes of the term structure.
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Table I reports the summary statistics of the variance swap rates in panel A. The mean variance swap

rates increase with maturity from 0.048 at two-month maturity to 0.056 at two-year maturity. The standard

deviation estimates decline as the maturity increases. Thevariance swap rates show positive skewness and

kurtosis. The weekly autocorrelation estimates for the variance swap rates are high and increasingly so as

the swap maturity increases.

The summary statistics of the realized variance are reported in panel B of Table I. In theory, the popula-

tion mean of the annualized realized variance should be the same regardless of the measurement horizons.

The estimates show some small sample variation around 0.031. The mean estimates on the realized variance

are markedly lower than the mean variance swap rates. The standard deviation estimates on the realized

variance are comparable to the estimates on the variance swap rates. The non-overlapping seven-day real-

ized variance shows much larger skewness and excess kurtosis, and much lower weekly autocorrelation. As

the horizon increases and the degree of overlapping increases, the skewness and kurtosis estimates become

smaller and the autocorrelation estimates become larger.

B. Profit and loss from long variance swaps and holding the contracts to maturity

By comparing the variance swap rates to the corresponding realized variance, we can learn the historical

profit and loss on investing in variance swaps. The average profit and loss reflects the average variance risk

premium. To gain a preliminary understanding of the variance risk premium behavior, we estimate the ex

post realized variance corresponding to variance swap ratequote and we measure the profit and loss both

in dollar terms 100× (RVt,T −VSt,T) and in log excess returns ln(RVt,T/VSt,T). As discussed in Carr and

Wu (2007), the first measure represents the dollar capital gain from going long a $100 par variance swap

contract and holding it to maturity. The second measure represents the log excess return by regarding the

forward price (i.e., the swap rate) as the forward cost. Table II reports the summary statistics of the dollar

capital gains in panel A and the statistics of the log excess returns in panel B. We can match the two- and

three-month variance swap rates with their corresponding ex post realized variance over the whole sample

period. For swaps at longer maturities, the sample length for the profit and loss is shorten accordingly given

the constraint on the ex post realized variance calculation.

During our sample period, a $100 par investment in the two-month variance swap contracts generate an

average loss of the $1.72. The average log excess return is−54.9%. As the investment horizon increases,
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both the dollar gain and the log excess return increase moderately. The raw standard deviation estimates

decline with the investment horizon mainly due to increasing overlapping in the sample. When we adjust

for serial dependence in the time series according to Newey and West (1987) with the number of lags

optimally chosen following Andrews (1991), the adjusted standard deviation increases with the investment

horizon. The dollar capital gains show negative skewness and large excess kurtosis, but skewness and excess

kurtosis estimates are smaller for the log excess returns.

The negative average return on the long variance swap investments suggests that the variance risk pre-

mium is negative on average. Shorting variance swaps generate positive average returns. In the last column,

we compute the annualized Sharpe ratios for long variance investments, defined as the mean divided by the

serial-dependence-adjusted standard deviation and then annualized by the investment horizon. The Sharpe

ratio estimates are relatively high for shorting short-term variance swap contracts, but the Sharpe ratio esti-

mates decline for shorting long-term variance swaps and holding them to maturity.

Figure 2 contrasts the time series of the variance swap rates(solid lines) to the corresponding ex post

realized variance (dashed lines) at maturities of two, six,12, and 24 months, with one maturity for each

panel. The variance swap rates almost always stay above the ex post realized variance, with only occasional

cross overs. The realized variance looks much smoother at longer horizons. Nevertheless, it is important to

caution that with the longer investment horizon, the effective sample size is also shorter.

[Figure 2 about here.]

Figure 3 plots the time series of the profit and loss from long variance swaps of various maturities and

holding the contracts to maturities. Solid lines in the leftpanels measure the dollar capital gains. Solid lines

in the right panels measure the log excess returns. In all panels, the dashed lines represent the sample mean

and the dotted line represent the zero-profit benchmark. Plots in the left panels show that the variation of the

dollar gain increases with the variance swap rate level. During the most recent four years, as the variance

swap rate level declines, the magnitude of the capital gain has also become smaller. However, when we

scale the dollar gain by the variance swap rate level and compute the log excess return in the right panels,

the variations become much more uniform over time, suggesting that the variance risk premium is relatively

proportional to the variance risk level.

[Figure 3 about here.]
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C. Estimation methodology

To estimate the variance dynamics, we first cast the model into a state-space form and extract the variance

risk factors (vt andmt) from the observed variance swap rates using Kalman filter.

We build the state propagation equation based on the statistical dynamics of the variance rates. Under

the two factor model, we setXt = [vt ,mt ]
⊤, and construct the state propagation equation based on the Euler

approximation of the statistical dynamics in (25) as,

Xt+1 = A+ ΦXt + Σ(Xt)
√

∆tεt , (26)

with ε denoting a two-dimensional iid standard normal innovationvector,

A = (I −Φ)θP, Φ = e−κP∆t , θP =





θP
v

θP
m



 ,κP =





κP
v −κv

0 κP
m



 ,Σ(Xt) =





σv
√

vt 0

0 σm
√

mt



 ,

and∆t = 1/52 being the weekly time interval of the discretization. Theone-dimensional state propagation

equation for the one-factor model is defined analogously.

We construct the measurement equation based on the observedvariance swap rates:

yt = VSt(T,Xt)+et , T − t = 2,3,6,12,24 months. (27)

whereyt denotes the observed variance swap series,VSt(T,Xt) denotes their corresponding model values as

a function of the variance risksXt, andet denotes the measurement error. We assume that the measurement

error is independent of the state vector and that the measurement error on each of the five series is also

mutually independent but with distinct variance.

Since the state propagation equation is Gaussian linear andthe measurement equation is linear in the

state vector, the Kalman filter provides the efficient forecasts and updates on the state vector and the observed

variance swap rates. We build the likelihood on the varianceswap rates based on the forecasting errors from

the Kalman filter. Specifically, let(yt ,Qt) denote the time-(t −1) Kalman filter forecasts on the conditional

mean and the conditional variance of the variance swap ratesat timet, the time-t likelihood on the variance

swap rates is,

lVS
t (Θ) = −1

2

[

log
∣

∣Qt

∣

∣+
(

(yt −yt)
⊤ (Qt

)−1
(yt −yt)

)]

, (28)
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whereΘ denotes the set of model parameters.

Given the variance risk factors (Xt) extracted from the Kalman filter, we can predict the annualized

realized variance based on the statistical dynamics of the risk factors,

EP [RVt,T |Xt ] =
1
τ

[

(

B(τ)P
)⊤

Xt +C(τ)P

]

, (29)

where the coefficients are analogous to those defined as in Proposition 2,

B(τ)P =
(

I −e−(κP)⊤τ
)(

(κP)⊤
)−1

bv, C(τ)P =
(

cv +b⊤
v θP

)

τ− (B(τ)P)⊤θP. (30)

Under the two-factor model, we havebv = [1,0]⊤ andcv = 0. Under the one-factor model, we havebv = 1,

cv = 0, θP = θP
v , andκP = κP

v .

Given the forecasts, we build the likelihood function on therealized variances assuming that the fore-

casting errors on the realized variance,eRV
t = RVt,t+D−EP [RVt,t+D|Xt] with D = 7,30,60,90,120,150 days,

are normally distributed with constant covariance matrixQRV. Thus, the time-t likelihood on the realized

variance becomes,

lRV
t (Θ) = −1

2

[

log|QRV|+
(

eRV
t

)⊤
(QRV)−1(eRV

t

)

]

. (31)

For estimation, we assume that the forecasting errors on variance swaps and realized variances are indepen-

dent but with distinct variance. Thus, the aggregate likelihood becomes the summation of the likelihoods

on the two sets of data series. We numerically maximize the aggregate likelihood to estimate the model

parameters.

D. Model performance

Table III reports the summary statistics of the pricing errors, defined as the difference between the variance

swap rate quotes and the model-implied values. To make more economic sense of the pricing errors, we

follow industry convention and represent both the market quotes and model values in volatility percentage

points. The one-factor model fits the six-month variance swap to near perfection, but the pricing errors

increase at other maturities. In contrast, the performanceof the two-factor model is more uniform across

different maturities. The explained variations range from98.77% to 99.99%. The root mean squared pricing
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errors range from practically zero to 0.8 volatility percentage points, no larger than the average bid-ask

spreads for the over-the-counter variance swap rate quotes.3

The last row of Table III reports the maximized likelihood values for the two models. The two-factor

model also performs significantly better than the one-factor model in terms of the log likelihood values. A

formal likelihood ratio test rejects the one-factor model over any reasonable confidence level.

E. Variance risk dynamics and variance risk premia

Exploiting the information in the time series and term structure of variance swap rates and the realized

variance, we can accurately identify the variance risk dynamics and the market prices of different sources

of variance risks. Table IV reports the parameter estimatesand the absolute magnitudes of thet-statistics

in parentheses. Focusing on the two-factor model specification, we observe that the risk-neutral mean-

reversion speed for the instantaneous variance rate (κv = 4.373) is much higher than that for the central

tendency risk factor (κm = 0.1022). To gain more intuition, we define the half life of each series as the

number of weeks for the autocorrelation of the series to decay to half of its weekly autocorrelation level,

Half-life (in weeks) = ln(φ/2)/ ln(φ), with φ = exp(−κ∆t) denoting the weekly autocorrelation of a series.

Under the risk-neutral measure, the mean-reversion speed estimates imply a half life of less than ten weeks

for the instantaneous variance ratevt but almost seven years for the central tendency factormt .

The different risk-neutral persistence dictates that the two risk factors have different impacts across the

term structure of the variance swap rates. In particular, wecan convert the risk-neutral persistence estimates

into factor loadings coefficientsφv(τ) andφm(τ) as in (22):

φv(τ) =
1−e−κvτ

κvτ
, φm(τ) =

1+ κm
κv−κm

e−κvτ − κv
κv−κm

e−κmτ

κmτ
, (32)

with which the variance swap rates of different maturities are linked to the two risk factors:

VSt(T) = φv(τ)vt + φm(τ)mt +(1−φv(τ)−φm(τ))θm. (33)

The loading coefficients measure the contemporaneous response of the variance swap term structure to unit

shocks in the two variance risk factorsvt andmt . Figure 4 plots the term structure of the two responses in the

3Currently, the bid-ask spreads on variance swap rate quotesfrom major broker dealers average around half to one volatility
percentage point for the S&P 500 index.
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left panel, with the solid line denoting the response ofvt , the dashed line denoting the response ofmt , and

the dotted line capturing the remaining weight on the commonrisk-neutral mean of the variance rate and

central tendencyθm. The impact of the transient variance rate factor (vt ) is mainly at short maturities. Its

impact declines as maturity increases. On the other hand, the contribution of the persistent central tendency

factor (mt) starts at zero, but increases progressively as the variance swap maturity increases. The remaining

weight on the risk-neutral mean also starts at zero and increases monotonically with increasing maturity.

This increasing weight on a constant is responsible in generating a downward sloping term structure on the

standard deviation in the variance swap rate innovations.

[Figure 4 about here.]

In line with the strongly negative P&L from holding varianceswaps reported in Table II, the market

prices of the instantaneous variance rate is strongly negative. The market price of the central tendency factor

is also negative, but to a much lesser degree. The negative market prices on the two risk factors make the

statistical mean-reversion speeds much larger and the statistical long-run mean much lower than their risk-

neutral counterparts. In particular, the three long-run means exhibit the following ranking:θP
v < θP

m < θm.

The statistical mean of the variance rate is lower than the statistical mean of the central tendency factor.

Both are lower than their common risk-neutral meanθm.

Taking unconditional expectations on both sides of equation (17) under the statistical measureP, we

obtain the mean term structure of variance swap rates as

EP[VSt(T)] = φv(τ)θP
v + φm(τ)θP

m+(1−φv(τ)−φv(τ))θm, (34)

which is a weighted average of the statistical mean of the instantaneous variance rateθP
v , the statistical mean

of the central tendency factorθP
m, and the common risk-neutral mean of the variance rate and the central

tendencyθm. The factor loading in Figure 4 suggests thatθP
v has the highest weighting at short maturities

whereas bothθP
m andθm have increasing weights as the swap maturity increases. Thefactor loadings and

the ranking of the three long-run mean values generate a meanupward sloping term structure, as shown in

the right panel of Figure 4.

The two-factor structure in (33) also allows us to generate different statistical persistence for swap

rates at different maturities. Table IV shows that the statistical mean-reversion speed for the instantaneous
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variance rate is also much larger than that for the central tendency factor. The statistical half life of the

instantaneous variance rate is just about four weeks whereas the statistical half life of the central tendency

factor is over three years. The increasing weight on the central tendency factor suggests that the variance

swap rate becomes increasingly persistent as the swap maturity increases. This observation is consistent

with the weekly autocorrelation estimates reported in Table I.

Given the model parameter estimates, we use the Kalman filterto extract the variance risk factors from

the variance swap rate series. Figure 5 plots the time seriesof the extracted variance risk factors in the left

panel, with the solid line denoting the instantaneous variance ratevt and the dashed line denoting the central

tendencymt . The instantaneous variance rate moves around the central tendency factor, which shows more

persistence and less instantaneous volatility than the variance rate.

[Figure 5 about here.]

Combining the market price of risk coefficient estimates with the extracted risk factors, we can compute

the instantaneous risk premium on the two risk factors,γvσvvt for the instantaneous variance rate andγmσmmt

for the central tendency factor. The right panel of Figure 5 plots the time series of the risk premia for the two

risk factors, with the solid line for the variance rate and the dashed line for the central tendency. Since the

risk premium for the central tendency is about 50 times smaller than the risk premium for the instantaneous

variance rate, the plot uses different scales for the two lines, with the scale on the left hand side for the

variance rate risk premium and the scale on the right hand side for the central tendency risk premium.

F. Model stability and out-of-sample performance

To gauge the stability of the model and its out-of-sample performance, we divide the sample into two

subsample periods. The first subsample is from January 10, 1996 to June 27, 2001, 286 weekly observations

for each series. The second subsample is the remaining sample period from July 4, 2001 to March 28, 2007,

300 weekly observations for each series. Each sample contains about five and a half years of data.

Table V report the subsample model parameter estimates. Theestimates are largely in line with the

whole-sample estimates. Comparing the parameter estimates of the two-factor variance risk model during

the two subsamples, we observe that the risk-neutral mean-reversion speed for the instantaneous variance

rate is smaller during the first subsample than during the second sample. The opposite is true for the central
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tendency factor as the estimate for its mean-reversion speed is no longer significantly different from zero

during the second subsample. The different estimates suggest that the roles of the two risk factors become

more separated during the second sample: The impacts of the instantaneous variance rate are mainly at short

maturities and die out quickly as the maturity increases. The impacts of the central tendency factor become

even more persistent across the variance swap term structure. On the other hand, the market price estimates

are relatively stable over the two sample periods.

To gauge the out-of-sample pricing performance of the two models, we use the parameters estimated

from the first subsample to price the variance swap rates during the second subsample. Table VI reports the

summary statistics on the out-of-sample pricing errors. Compared to the in-sample pricing error statistics in

Table III, the out-of-sample errors are not much different.The average explained variation for the one-factor

model is 97.36% compared to the in-sample performance of 95.81%. The average explained variation for

the two-factor model is 99.49% compared to the in-sample estimate of 99.54%. These statistics show that

the model generates very stable performance over time.

III. Optimal Portfolio Choice

The availability of variance swap contracts makes it convenient for institutional investors to either hedge

away variance risk or to achieve additional exposures in it and receive variance risk premium. How does this

availability alter an investor’s strategic allocation in the stock market? How does it influence the investor’s

welfare? To answer these questions, we solve the optimal portfolio choice problem for an institutional

investor who has access to bonds, a stock index, and return variance swaps on the index across different

maturities.

We assume that under the statistical measureP, the stock index dynamics are governed by the following

stochastic differential equation,

dSt/St =
(

r + γSvt
)

dt+
√

vtdBS
t , (35)

wherer denotes the instantaneous riskfree interest rate, which weassume constant,BS
t denotes a Brownian

motion that describes the stock index return risk, andγSvt denotes the instantaneous risk premium on the

index return, which we assume is proportional to the instantaneous variance rate level. We analyze the allo-
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cation problem under both the one-factor and two-factor variance risk specifications that we have estimated

in the previous section.

A. The one-factor stochastic variance model

The statistical dynamics of the one-factor variance rate isspecified in (24). To capture the well-known

correlation between the index return and index variance, wecan decompose the Brownian motion in the

variance dynamics into two components,

dBv
t = ρdBS

t +
√

1−ρ2dBz
t , (36)

whereρ measures the instantaneous correlation between the returnrisk and the variance risk andBz
t denotes

the independent component of the variance risk. If we let themarket price of the independent variance risk

also proportional to the square root of the instantaneous variance rate level,

γ(Bz
t ) = γz√vt , (37)

we can decompose the instantaneous total variance risk premium into two component, one from the return

risk and the other from the independent variance risk,

γvvt = ργSvt +
√

1−ρ2γzvt . (38)

Under the one-factor variance risk dynamics, variance swaprates of all maturities are affine functions of

the instantaneous variance rate. Thus, we can use one variance swap contract of any maturity to completely

span the variance risk.

Let WS, WB denote the amount of money invested in stock and bond, and letN denote the notional of

the variance swap contract. Consider now an investor who allocates her initial wealthW0 > 0 among the

stock indexSt , the variance swap contractVSt(T), and a money market account with a riskfree rate of return

r. Then, the budget constraint becomes

Wt = WS
t +WB

t +N(VSt −K) ,
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whereK is the delivery price of the variance swap contract. At inception, we haveK = VSt = 0. If we use

share prices and portfolio fractions instead of money amounts, we can write the portfolio dynamics as

dW
W

= wtdSt/St +(1−wt) rdt +ntdVSt

wherew denotes the fraction of wealth in stock andn the fraction of wealth used as notional for the variance

swap investment. Therefore, in the one-factor model, the investor’s wealth evolves according to

dW
W

= rdt +
(

wtγS+ntφσvγv)vtdt+wt
√

vdBS
t +ntφvσv

√
vdBv

t (39)

The investor chooses the portfolio weights to maximize her utility of terminal wealthWT at timeT . Assum-

ing constant relative risk aversion (CRRA) utility with relative risk aversion coefficientη > 0, we can write

the indirect utility function as

J(t,W,v) = sup
(wt ,nt )

E

(

W1−η
T

1−η

∣

∣

∣

∣

∣

Wt = W,vt = v

)

, η 6= 1, (40)

subject to the budget constraint in (39). The correspondingHamilton-Jacobi-Bellman (HJB) equation is

0 = sup(wt ,nt )

{

Jt +JvκP
v

(

θP
v −vt

)

+JWWr+JWW
(

wtγS+ntφvσvγv
)

vt

+1
2JWWW2

[

w2
t +n2

t φ2
vσ2

v +2wtntφvσvρ
]

vt

+JWvW
[

σvρwt + σ2
vntφv

]

vt
}

,

(41)

whereJt , Jv, JW, JWv, andJWW denote the first, second, and cross derivatives with respectto t, v, and

W. From the first order conditions with respect to(wt ,nt), we obtain the optimal portfolio allocation in

following generic form.

Proposition 3 Given the optimization problem in(40)under the budget constraint(39), the stock and vari-

ance dynamics in (35) and(24), the optimal allocation in the stock (wt) and the variance swap contract (nt )

are

wt = − JW

WtJWW

(

γS− ρ
√

1−ρ2
γz

)

, (42)

nt = − 1
φv(τ)

(

JW

WtJWW

γz
√

1−ρ2σv
+

JWv

WtJWW

)

. (43)
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For comparison, we also derive analogously the generic optimal allocation decisions when the investor

can only invest in one of the two risky assets:

Proposition 4 If the investor can only invest in bonds and the stock index, the optimal fraction of wealth

invested in the stock index,

wt = − JW

WtJWW
γS−ρσv

JWv

WtJWW
. (44)

If the investor can only invest in bond and the spot variance contract, the optimal fraction of wealth invested

in the spot variance contract is

nt = − 1
φv(τ)

(

JW

WtJWW

γv

σv
+

JWv

WtJWW

)

. (45)

As shown in the seminal paper of Merton (1971), the optimal allocation to risky assets includes two

components: a myopic component that is proportional to the mean excess return and an intertemporal hedg-

ing demand that is proportional to the covariance between the risky asset returns and the state variables that

govern the stochastic investment opportunity, both scaledby the covariance matrix of the asset return. In our

application, the stochastic variance risk represents the stochastic investment opportunity, which induces an

intertemporal hedging demand when we invest in either the stock index alone (equation (44)) or the variance

swap contract alone (equation (45)).

Interestingly, when we invest in both the stock index and thevariance swap contract to span both the

return risk and the variance risk, the optimal investment inthe stock index no longer includes an intertem-

poral hedging demand. Stochastic investment opportunity asks for intertemporal hedging demand; yet an

appropriately designed derivative contract can be used to span the risk inherent in the stochastic investment

opportunity and to eliminate the need for intertemporal hedging using the primary securities.

To better understand what type of derivative contracts can help us eliminate the need for intertemporal

hedging, we consider a generic example of two risky assets, with the first security as the primary security

(a stock index) and the second security as a specially designed derivative contract to hedge against the

stochastic investment opportunity, which is governed by a one-factor state variableXt .
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If we useΣSS,µS,ΣSX to denote the return covariance matrix of the two risky assets, the mean excess

return vector, and the covariance between the two risky assets and the state variable, with

ΣSS =





σ2
1 σ1σ2ρ12

σ1σ2ρ12 σ2
2



 , µS =





γ1σ1

γ2σ2



 , ΣSX =





σ1σxρ1x

σ2σxρ2x



 ,

we can write the optimal allocation weights as,

w = − JW

WtJWW
Σ−1

SSµS−
JWX

WtJWW
Σ−1

SSΣSX. (46)

Plugging in the elements of the matrices, we have

w1 = − JW
WtJWW

1
(1−ρ2

12)σ1
[γ1−ρ12γ2]− JWX

WtJWW

1
(1−ρ2

12)σ1
[ρ1x−ρ12ρ2x]σx,

w2 = − JW
WtJWW

1
(1−ρ2

12)σ2
[γ2−ργ1]− JWX

WtJWW

1
(1−ρ2

12)σ2
[ρ2x−ρ12ρ1x] .

(47)

To exclude the investment in the first risky asset from havingan intertemporal hedging demand, we need

ρ1x−ρ12ρ2x = 0. (48)

In our application, the stock index return has an instantaneous correlation ofρ with the stochastic vari-

ance risk. The variance swap contract is an affine function ofonly the variance rate and depends on no

other variables. Thus, the variance swap contract has perfect instantaneous correlation with the stochastic

variance risk factor. The condition in (48) is satisfied. By havingρ2x = 1, we haveρ12 = ρ1x = ρ and hence

ρ1x−ρ12ρ2x = 0.

Therefore, when we design a derivative instrument that shows perfect instantaneous correlation with the

state variable, it eliminates the intertemporal hedging need from the primary security investment. Under the

one-factor stochastic variance risk model, variance swap contracts play this role perfectly as they are only

a function of the variance rate itself. By contrast, although an option contract can also be used to span the

variance risk, it cannot be used to exclude the intertemporal hedging demand from the underlying primary

security, because the variation of the option value not onlydepends on the variance risk, but also depends

on the stock index level and hence the return risk.

24



Chacko and Viceira (2005) argue that the presence of stochastic volatility has only a small effect on the

portfolio allocation. Our results show that the picture canbe dramatically different when we have access to

variance swap contracts, which can be used to hedge against the variance risk and alleviate the underlying

stock index investment from the need of intertemporal hedging. In the presence of strongly negative variance

risk premia, the variance swap contracts can also be used to gain exposures to the variance risk for enhanced

returns.

Under the one-factor variance risk dynamics, we can furthersolve the indirect utility function and the

optimal allocation weights in analytical forms, which are summarized in the following proposition.

Proposition 5 In the one-factor stochastic variance model, the indirect utility function has the following

analytical representation

J(t,W,v) =
W1−η

t

1−η
exp(hv(u)vt +k(u)) , (49)

with u denoting the investment horizonT − t. The optimal portfolio weights in the stock index and the

variance swap contract are

wS
t =

1
η

(

γS− ρ
√

1−ρ2
γz

)

, (50)

wSV
t =

1
ηφv(τ)

(

γz

√

1−ρ2σv
+hv(u)

)

, (51)

where the intertemporal hedging demand is determined by thecoefficient hv(u), which solves the following

partial differential equation,

h′v (u) = αhv (u)2 + βhv (u)+ ζ, (52)

with

α =
1
2

(1−η)

η
σ2

v, β =
(1−η)

η
σvγv−κP, ζ =

1
2

(1−η)

η
(

(γS)2 +(γz)2) , (53)

starting at hv(0) = 0.

The derivation and the expression for the coefficientk(u) in the indirect utility function are given in Ap-

pendix A.

For a myopic investor, the intertemporal hedging demand is zero. The investments in the stock index and

the variance contract depend crucially on the risk premiumson the two sources of risks. In the absence of a
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risk premium on the independent variance riskγz = 0, the investor invests positively in the stock index (given

that the index generates positive risk premium,γS> 0) but does not invest in the variance contract. A positive

risk premium on the independent variance risk component induces a positive investment in the variance

contract and also increases the investment in the stock index. On the other hand, when the risk premium on

the independent risk component is negative, the investor short sells the variance contract and also reduces

her investment in the stock index accordingly. In the case when the market price of the independent variance

risk is highly negative and its magnitude dominates the market price of the return risk, the negative variance

risk premium effect can dominate the positive return risk premium and the optimal investment in the stock

index can also become negative.

Under the one-factor variance risk model, our estimate for the market price of the total variance risk is

highly negative atγv = −17.0141. Given the extracted variance rate series, we can estimate the return risk

dynamics and its instantaneous correlation with variance risk through a simple likelihood specification on the

index return data and the extracted variance rate series. Wehave done so over the whole sample period and

obtain an estimate for the market price of return risk atγS = 1.5326 and the instantaneous correlation atρ =

−0.8069.4 Combining these estimates withγv, we can compute the market price of the independent variance

risk asγz = (γv−ργS)/
√

1−ρ2 =−26.71. Under such highly negative variance risk premium estimates, the

investor not only shorts the variance contract, but also shorts the stock index, as

(

γS− ρ√
1−ρ2

γz

)

=−34.95.

When the investor has non-myopic investment horizon, her investment in the variance contract varies

with the investment horizon, but her investment in the stockindex does not. The hedging coefficienthv(u)

starts at zero when the investment horizonu is zero. Withη > 1 and henceζ < 0 in equation (53), the

hedging demand becomes negative as the investment horizon increases.

B. The two-factor stochastic variance model

Under the two-factor stochastic variance model, both the instantaneous variance rate and its central tendency

are stochastic. To fully span these two sources of variance risk, we need to invest in two variance contracts

with different maturitiesT1 andT2, with T1 6= T2.

4The estimate forγS is not statistically significant, with at-statistic close to zero. Thet-static forρ is significant at 2.26.
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Solving an analogous utility optimization problem,

J(t,W,v,m) = sup
(wt ,n

τ
1
t ,n

τ2
t )

E

(

W1−η
T

1−η

∣

∣

∣

∣

∣

Wt = W,vt = v,mt = m

)

, η 6= 1, (54)

with the budget constraint

dWt

Wt
= wtdSt/St +nτ1

t dVSt(T1)+nτ2
t dVSt(T2)+ (1−wt)rdt, (55)

we obtain the following optimal allocations.

Proposition 6 Under the two-factor variance risk model, the optimal fractions of wealth invested in the

stock index and the two spot variance contracts are

wS
t = 1

η

(

γS− ρ√
1−ρ2

γz

)

,

nτ1
t = 1

ηD

[(

γz

σv

√
1−ρ2

+hv(u)

)

φm(τ2)−
(

γm

σm
+hm(u)

)

φv(τ2)

]

,

nτ2
t = 1

ηD

[

−
(

γz

σv

√
1−ρ2

+hv(u)

)

φm(τ1)+
(

γm

σm
+hm(u)

)

φv(τ1)

]

,

(56)

where

D = φv(τ1)φm(τ2)−φv(τ2)φm(τ1), (57)

and the intertemporal hedging demand coefficients hv(u) and hm(u) solve the ordinary differential equations

(A.7) and (A.8) in Appendix B.

Even in the presence of two variance risk factors, investingin the variance swap contracts can still elim-

inate the intertemporal hedging demand on the stock index, further illustrating that variance swap contacts

are the simplest and most direct contracts for spanning variance risks.

At short investment horizons, the optimal allocations in the two variance contracts depend on the market

prices of the independent variance rate risk(γz) and the central tendency risk (γm), as well as the exposures

of the two contracts on the two sources of risk,φv(τ) andφm(τ). If we assumeT1 < T2 such that the first

is a short-term variance swap contract whereas the second isa long-term contract, we haveφv(τ1) > φv(τ2)

whereasφm(τ1) < φm(τ2) and the common scaling coefficientD on the two variance contracts is positive.
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Thus, the long-term contract always puts more emphasis on the market price of the central tendency factor,

and the short-term contract on the market price of the independent short-term variance risk.

Given a largeτ2 for the variance swap with the longer maturity, the first variance swap contract is

mainly exposed to the instantaneous variance rate risk, sinceφm(τ2) dominatesφv(τ2). As such, investment

in the short-term contract is mainly determined by the market price of the independent variance rate risk

γz. Analogously, with a very smallτ1, the investment in the long-term contract is mainly determined by

the market price of the central tendency factorγm. The investor may short both contracts when the market

prices of the two sources of risks are sufficiently negative.Indeed, as long as the variance risk premia on the

independent variance risk and the central tendency are negative, the net position in variance swapsnτ1
t +nτ2

t

is always negative.

On the other hand, when the maturity separation is moderate,optimal allocations to the two variance

contracts also depend on the relative magnitude of the two market pricesγz and γm. In particular, since

our estimates forγz are much larger in absolute magnitude than those forγm, theγz term can dominate the

investment decision. In this case, the optimal allocation decision for the investor is to short the short-term

variance swap contract and long the long-term variance swapcontract,nτ1 < 0 andnτ2 > 0.

The intertemporal hedging demands for the two swap contracts start at zero for a myopic investor. At

longer investment horizons, the hedging demands are determined by the two coefficientshv(u) andhm(u)

for the two variance risk exposures, which start at zero atu = 0 and propagate according to the two ordinary

differential equations in (A.7) and (A.8) as the investmenthorizon increases. Since the constant terms in

the two ordinary differential equations are both negative,the hedging demand coefficients grow increasingly

negative as the investment horizon increases.

IV. Empirical Analysis on Variance Swap Investments

In this section, we combine the theoretical results from Section III with the parameter estimates from Section

II to compare the historical out-of-sample performance. For the optimal strategy, we choose a variance swap

with the shortest maturity (τ1 = 2/12) and with the longest maturity (τ2 = 2).

For the out-of-sample study, we proceed as follows. For the estimation of our model, we use the esti-

mates from our first subsample in Table V, i.e., we start January 10, 1996, and use the data until June 27,

28



2001, for estimation. For our investment strategy, we starton January 10, 1996. By doing so, we can split

up the whole period into an in-sample and an out-of-sample subperiod.

We set the investment horizon equal to two months, i.e., the investment horizon corresponds to the

shortest maturity of the variance swap contracts available. After two months, we sell the whole portfolio to

the current available market prices. For the calculation ofthe return on the long-term variance swap, we use

the mark-to-market value of the variance swap at times, t ≤ s≤ T:

VSs(T) = λ(RV(t,s)−KtT)+ (1+ λ)(Ks(T)−Kt(T)) , (58)

whereRV(t,s) is the realized variance betweent ands. Kt(T) andKs(T) are the strikes of variance swap

contracts maturing atT and initiated at timet ands, respectively. The weightλ is given as

λ =
s− t
T − t

.

To obtain weekly returns, we repeat this exercise every Wednesday throughout the whole sample period.

In Figure 6, we plot the optimal portfolio weights for the stock and variance swaps (upper panel), and

the stock only (lower panel). We observe that the presence ofthe variance swap market together with the

highly negative and significant variance risk premia gives rise to substantial changes in the optimal asset

allocation in the stock. While the classical stock-bond portfolio optimally gives a substantial long-position

in the index (wp = 0.7063), the optimal position in stocks becomes slightly negative (w = −0.1176). At the

same time, the investor goes long the variance swap contractwith the longer maturity(n1 = 0.1912) and

short the variance swap with the shorter maturity(n1 = −0.8076). Hence, the portfolio allocation strongly

react to the high (and negative) variance risk premia. Nevertheless, the investor uses both the long-term

variance swap and the stock to hedge her position in the short-term variance swap. In particular, the long-

term variance swap helps to dampen the effect of persistent changes in the volatility level. Due to the large

negative correlation, the stock serves as a hedging instrument when volatilities increase, which might be

particularly useful when volatility spikes.

[Figure 6 about here.]

In the right panels of Figure 6, we plot the cumulative wealthpath for the optimal variance swap strategy

(upper panel) and the stock-bond strategy (lower panel), together with the S&P 500 index level. The dash-
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dotted vertical line indicates the beginning of the out-of-sample period. Not surprisingly, we observe that

the stock-bond strategy is highly correlated with the market. In contrast, the strategy based on variance

swaps is able to provide a smooth evolution of wealth. The downturn after 2001 has practically no influence

on its success. Since we have reported very stable estimatesfor the return dynamics, the out-of-sample

performance is almost the same as the in-sample performance.

Table VII reports the summary statistics for the cumulativewealth of three different strategies: the

optimal strategy with stock, bond, and two variance swaps,S1, the stock-bond strategyS2, andS3, where

we only invest in two variance swaps, but not in the stock. We see that the stock-bond strategy yields only

a small Sharpe ratio, which moreover varies a lot for the two subsample periods. In contrast, the strategies

based on variance swaps gives a high Sharpe ratio not only forthe in-sample period, but also for the whole

sample and out-of-sample period.

V. Concluding Remarks

Using more than a decade worth of weekly quotes on variance swap rates, we design and estimate models

for the S&P 500 index return variance dynamics and market prices of variance risks. We find that we need

two stochastic variance risk factors to explain the variation in the variance swaps at different maturities, with

one factor controlling the instantaneous variance rate while the other controlling the central tendency of the

variance rate movements. The variance rate factor is much more transient than the central tendency factor

under both the risk-neutral and the statistical measures, thus generating different loading patterns across

the term structure from the two risk factors and different autocorrelation patterns for variance swap rates of

different maturities. We also find that the specification of market prices for both the equity and variance risk

factors is crucial to provide enough flexibility for portfolio allocation.

Embedding variance swaps into an optimal investment strategy, we find that with the variance swap

contract to span the stochastic variance risk, an investor drastically changes her portfolio allocation. The

intertemporal hedging demand is completely removed from the stock investment. Moreover, the large and

negative variance risk premia forces stock investments to become negative. Analyzing different strategies,

we find that our variance swap strategy can provide smooth returns with high Sharpe ratios. Since the

parameter estimates of the model are consistent for different subperiods, we are able to generate high Sharpe

ratios also out-of-sample.
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Compared to traditional mean variance analysis, the modernfinancial industry has recognized the impor-

tant impacts that stock price jumps and stochastic variancecan have on an investor’s welfare. Accordingly,

derivative securities such as options and variance swaps have been developed to span risks along these two

dimensions. To simplify the problem and to gain a clearer picture of their separate effects, the academic

literature either assumes constant volatility and focuseson how to choose options at different strikes to span

the random jump risk in the stock price (Carr and Madan (2001), Carr and Wu (2002)), or assumes purely

continuous dynamics (or jumps of fixed size) and focuses on how to choose options (Liu and Pan (2003)) or,

as what we do in this paper, variance swap contracts at different maturities to span the stochastic variance

risk. Integrating these two dimensions can be a challengingbut interesting direction for future research.
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Appendix

A. Proof of Proposition 5

We can exploit the homogeneity structure of the optimization problem and make the Ansatz

J(t,W,v) =
eg(u,v)W1−η

t

1−η
, (A.1)

and

g(t,v) = hv(u)vt +k(u),

with the boundary conditiong(0,X) = 0, the corresponding HJB reduces to

0 = −h′v(u)vt −k′(u)+ r (1−η)+

(

κP
v θP

v −
ηκP

v +(η−1)σvγv

η
vt

)

hv(u)

+
1−η
2η

vt
(

(γS)2 +(γz)2 + σ2
vhv(u)2) .

Comparing coefficients, we obtain the ordinary differential equations forhv(t) andcgv(t) as

−h′v(u) =
η−1
2η

σ2
vhv(u)2 +

ηκP
v +(η−1)σvγv

η
hv(u)+

η−1
2η

(

(γS)2 +(γz)2) (A.2)

k′(u) = r(η−1)−θ̃vκ̃vhv(u), (A.3)

with terminal conditionhv(0) = k(u) = 0. We can solve forhv(u) explicitly. Writing the ODE as

h′v(u) = αhv(u)2 +c1hv(u)+c0. (A.4)

Then, the solution ofhv(t) can be written as

hv(t) =
α
(

e−D(T−t) −1
)

(β−D)

β2−2αζ(1+e−Du)−αD
, (A.5)

whereD =
√

β2−4αζ.
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B. Proof of Proposition 6

The proof follows the same line as for the one-factor model. For the indirect utility function, we can make

the Ansatz

J(t,W,v) =
eg(u,v,m)W1−η

t

1−η
, (A.6)

and

g(t,v) = hv(u)vt +hm(u)+k(u),

with the boundary conditiong(0,X) = 0. Solving for the optimal weights triplet(wt ,n
τ1
t ,nτ2

t ), plugging them

back into the HJB, and collecting terms, we get the ordinary differential equations forhv(u),hm(u),k(u):

−h′v(u) =
η−1
2η

σ2
vhv(u)2 +

ηκP
v +(η−1)σvγv

η
hv(u)+

η−1
2η

(

(γS)2 +(γz)2) , (A.7)

−h′m(u) =
η−1
2η

σ2
mhm(u)2−κvhv(u)+

ηκP
m+(η−1)σmγm

η
hm(u)+

η−1
2η

(γm)2, (A.8)

−k′(u) = r(η−1)−θmκ̃mhm(u). (A.9)

Note that due to the correlation structure, the solution forhv(u) is exactly the same as in the one-factor

model.
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Table I
Summary statistics of the variance swap rates

Entries report the mean, standard deviation (Std), skewness (Skew), excess kurtosis (Kurt) and weekly
autocorrelation (Auto) of the variance swap rates (panel A)and annualized realized variance (panel B) on
S&P 500 index at different maturities. Data are weekly (every Wednesday) from January 10, 1996, to March
30, 2007 (586 observations for each series).

Maturity Mean Std Skew Kurt Auto

A. Variance swap rates, Maturity in months

2 0.048 0.033 1.861 5.734 0.920
3 0.048 0.031 1.750 5.253 0.943
6 0.050 0.031 1.825 6.338 0.959

12 0.053 0.030 1.385 3.421 0.971
24 0.056 0.029 1.146 1.780 0.977

B. Annualized realized variance, Maturity in days

7 0.031 0.044 4.900 33.500 0.382
30 0.032 0.031 2.524 7.937 0.925
60 0.030 0.026 1.958 4.188 0.970
90 0.031 0.025 1.651 2.924 0.982

120 0.031 0.024 1.498 2.480 0.989
150 0.031 0.022 1.315 1.805 0.992
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Table II
Summary statistics of profit and loss from long variance swaps and holding the contracts to maturity

Entries report the mean, standard deviation (Std), skewness (Skew), excess kurtosis (Kurt), Newey-West
serial dependence adjusted standard deviation (Newey), and annualized Sharpe ratios (IR) on the profit and
loss from long variance swaps and holding the contracts to maturity. The profit and loss are measured in
terms of the dollar capital gains per $100 par investment, $100× (RV−VS), in panel A and in terms of log
excess returns, ln(RV/SV), in panel B. The investment horizon is measured in months. Data are weekly
(every Wednesday) from January 10, 1996, to March 30, 2007, 586 observations for each full sample data
series. The samples on six-, 12-, and 24-month investments are shortened by one, seven, and 19 months,
respectively, due to the constraint on ex post realized variance calculation.

Horizon Mean Std Skew Kurt Newey IR

A. Dollar capital gain per $100 par investment, 100(RV−VS)

2 -1.721 2.771 -1.141 8.754 7.694 -0.548
3 -1.684 2.778 -1.006 7.259 8.988 -0.375
6 -1.919 2.778 -1.485 8.770 11.399 -0.238

12 -2.296 2.525 -1.754 7.316 13.174 -0.174
24 -2.712 2.448 -1.431 3.566 13.836 -0.139

B. Log excess return, ln(RV/VS)

2 -0.549 0.497 0.658 0.322 1.322 -1.017
3 -0.529 0.505 0.593 0.221 1.630 -0.649
6 -0.551 0.485 0.521 0.450 2.078 -0.375

12 -0.603 0.445 0.222 -0.232 2.690 -0.224
24 -0.636 0.487 -0.216 -1.278 3.278 -0.137
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Table III
Summary statistics of the pricing errors on the variance swap rates

Entries report the summary statistics of the model pricing errors on the variance swap rates, including the
sample average (Mean), root mean squared error (Rmse), weekly autocorrelation (Auto), maximum absolute
error (Max), and explained percentage variation (R2), defined as one minus the variance of the pricing error
to the variance of the original swap rate quotes. The pricingerrors are defined as the difference between the
variance swap rate quotes and the corresponding model-implied values, both in volatility percentage points.
The last row reports the maximized log likelihood values forthe two models.

One-factor model Two-factor model

Maturity Mean Rmse Auto Max R2 Mean Rmse Auto Max R2

2 -0.15 1.77 0.82 7.86 93.19 0.27 0.80 0.62 4.20 98.77
3 -0.20 1.13 0.89 4.49 97.05 -0.00 0.00 0.35 0.01 100.00
6 0.00 0.00 0.44 0.00 100.00 -0.09 0.40 0.75 2.59 99.61

12 0.04 1.08 0.90 3.88 96.82 0.00 0.00 0.18 0.00 100.00
24 -0.60 1.77 0.95 5.05 92.01 -0.05 0.49 0.68 3.39 99.32

Average -0.18 1.15 0.80 4.25 95.81 0.03 0.34 0.52 2.04 99.54

Likelihood −5793.4 −3318.4
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Table IV
Parameter estimates of affine stochastic variance models

Entries report the maximum likelihood parameter estimatesand t-values (in parentheses) of the one-factor
and the two-factor affine stochastic variance models. The estimation employs weekly data on variance swap
rates at maturities of two, three, six, 12, and 24 months and ex post realized variances at maturities of seven,
30, 60, 90, and 150 days. The sample is from January 10, 1996, to March 28, 2007, 586 observations for
each series.

Xt κ θ σ γ κP θP

A: One-factor variance risk model

vt
0.1547
(13.81)

0.1220
(32.55)

0.2550
(47.47)

−17.0141
(43.06)

4.4929
(71.42)

0.0042
(21.52)

B: Two-factor variance risk model

vt
4.3730
(38.72)

–
0.4221
(44.10)

−16.3746
(37.70)

11.2851
(51.96)

0.0158
(3.71)

mt
0.1022
(9.30)

0.0838
(24.31)

0.1581
(47.64)

−0.6844
(1.84)

0.2104
(3.40)

0.0407
(3.68)
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Table V
Subsample parameter estimates of affine stochastic variance models

Entries report the maximum likelihood parameter estimatesand t-values (in parentheses) of the one-factor
and the two-factor affine stochastic variance models over two subsample periods. The first subsample is
from January 10, 1996 to June 27, 2001, 286 weekly observation for each series. The second subsample
is from July 4, 2001 to March 28, 2007, 300 weekly observations for each series. The estimation employs
weekly data on variance swap rates at maturities of two, three, six, 12, and 24 months and ex post realized
variances at maturities of seven, 30, 60, 90, and 150 days.

Xt κ θ σ γ κP θP

A: One-factor variance risk model

Subsample period: 1996- 2001

vt
0.0885
(3.51)

0.2442
(4.47)

0.3056
(29.93)

−17.0344
(27.07)

5.3097
(44.08)

0.0041
(13.23)

Subsample period: 2001-2007

vt
0.7281
(21.82)

0.0495
(87.41)

0.2316
(32.66)

−12.1940
(25.54)

3.5517
(33.96)

0.0101
(28.19)

B: Two-factor variance risk model

Subsample period: 1996- 2001

vt
3.3945
(16.53)

–
0.4635
(27.27)

−16.2472
(25.12)

10.9250
(29.84)

0.0153
(3.88)

mt
0.1857
(7.61)

0.0715
(15.14)

0.2086
(26.98)

−0.4029
(1.11)

0.2697
(3.17)

0.0492
(3.84)

Subsample period: 2001-2007

vt
5.3789
(33.83)

–
0.3476
(27.86)

−15.6418
(19.44)

10.8160
(33.91)

0.0239
(0.46)

mt
0.0010
(0.06)

4.2187
(0.06)

0.1058
(24.42)

−0.8444
(0.46)

0.0903
(0.46)

0.0480
(0.46)
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Table VI
Out-of-sample pricing performance on the variance swap rates

We estimate the model during the first subsample from January10, 2996 to June 27, 2001, and use the model
parameters to price variance swap rates out of sample from July 4, 2001 to March 28, 2007. The pricing
errors are defined as the difference between the variance swap rate quotes and the corresponding model-
implied values, both in volatility percentage points. Entries report the summary statistics of the model
pricing errors on the variance swap rates, including the sample average (Mean), root mean squared error
(Rmse), weekly autocorrelation (Auto), maximum absolute error (Max), and explained percentage variation
(R2), defined as one minus the variance of the pricing error to thevariance of the original swap rate quotes.

One-factor model Two-factor model

Maturity Mean Rmse Auto Max R2 Mean Rmse Auto Max R2

2 0.525 1.591 0.840 8.097 95.29 0.20 0.64 0.56 2.68 99.23
3 0.272 0.863 0.896 3.963 98.33 -0.00 0.00 0.18 0.00 100.00
6 0.000 0.000 0.368 0.000 100.00 -0.03 0.20 0.73 0.65 99.87

12 -0.623 0.969 0.910 3.956 97.57 0.00 0.00 0.49 0.00 100.00
24 -2.138 2.327 0.900 5.871 95.60 -0.21 0.60 0.89 2.39 98.33

Average -0.393 1.150 0.783 4.377 97.36 -0.01 0.29 0.57 1.14 99.49
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Table VII
Summary statistics of investment strategies

Entries report the mean excess return, excess standard deviation (Std), skewness (Skew), excess kurtosis
(Kurt), and annualized Sharpe ratios on three different portfolio strategies.S1 is the optimal strategy with
stock, bond, and two variance swaps.S2 only invests in the stock and bond.S3 only invests in the two
variance swaps. Data are weekly (every Wednesday) from January 10, 1996, to March 30, 2007, 586
observations for each full sample data series.

Strategy Mean Std Skew Kurt Sharpe

A. Whole Period: 1996-2007

S1 7.4303 4.9255 1.1945 7.0545 1.4984
S2 3.3106 10.7539 -0.1838 0.4997 0.3077
S3 7.9814 5.6856 1.0733 7.3502 1.3966

B. In-sample period: 1996-2001

S1 9.0779 5.8340 1.3357 4.7407 1.6003
S2 6.1913 11.5308 -0.1158 0.2267 0.5396
S3 10.1087 6.6544 1.3312 5.1225 1.5699

C. Out-of-sample period: 2001-2007

S1 5.9342 3.8114 -0.0381 3.8359 1.6522
S2 0.7085 10.0286 -0.4028 0.5058 0.0732
S3 6.0522 4.4910 -0.2057 4.8652 1.4083
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Figure 1. Time series and term structure of the return variance swap rates.
The left panel plots the time series of the variance swap ratequotes (in volatility percentage points) at three
selected time to maturities: two months (solid line), six months (dashed line), and 24 months (dotted line).
The right panel plots representative term structure shapesat different dates.
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Figure 2. Comparing variance swap rates to the ex post realized variance.
The graph contrasts the variance swap rate time series (solid lines) with the corresponding ex post realized
variance (dashed lines) at selected maturities.
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Figure 3. Profit and loss from long variance swaps and holding the contract to maturity.
The solid lines in the left panels plot the time series of the capital gain from long $100 par variance swap
contracts each week and holding them to maturity, measured by 100× (RVt,T −VSt,T). The solid lines in the
right panels plot the time series of the log excess return from the investment, ln(RVt,T/VSt,T) by regarding
the swap rate as the forward cost. In both panels, the dashed lines represent the sample average and the
dotted lines represent the zero-profit benchmark.
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Figure 4. Factor loadings and the mean term structure of variance swaprates.
The left panel plots the contemporaneous response of the variance swap term structure to unit shocks on the
variance ratevt (solid line) and the central tendency factormt (dashed line). The dash-dotted line represents
the remaining loading on the common unconditional risk-neutral mean of the variance rate and the central
tendencyθm. The right panel plots the mean term structure of the variance swap rate implied by the estimated
two-factor variance risk model.

46



96 97 98 99 00 01 02 03 04 05 06 07 08
0

0.05

0.1

0.15

0.2

0.25

Va
ria

nc
e 

ris
k 

fa
ct

or
s

96 97 98 99 00 01 02 03 04 05 06 07 08
−2

−1.5

−1

−0.5

0
V

ar
ia

nc
e 

ris
k 

pr
em

iu
m

96 97 98 99 00 01 02 03 04 05 06 07 08
−0.04

−0.03

−0.02

−0.01

0

C
en

tra
l t

en
de

nc
y 

ris
k 

pr
em

iu
m

Figure 5. Variance risk dynamics and variance risk premia.
The left panel plots the time series of the instantaneous variance ratevt (solid line) and the central tendency
factor mt (dashed line) extracted from the two-factor variance risk model using Kalman filter. The right
panel plots the instantaneous risk premium on the risk factors. The solid line denotes the risk premium for
the instantaneous variance rate (γvσvvt ) with the scale on the left hand side. The dashed line denotesthe
instantaneous risk premium for the central tendency factor(γmσmmt), with the scale on the right hand side.
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Figure 6. Portfolio fraction and cumulative wealth path of differentinvestment strategies.
The left panels plots the optimal portfolio weights for the stock and variance swaps (upper panel), and the
stock only (lower panel). The solid line corresponds to the notional (per dollar wealth) invested in the
variance swap with maturityτ1 = 2/12. The dashed line corresponds to the variance swap with maturity
τ2 = 2. The dash-dotted line corresponds to the stock investment. In the right panels, we plot the cumulative
wealth path for the optimal variance swap strategy (upper panel) and the stock-bond strategy (lower panel),
together with the S&P 500 index level. The dash-dotted vertical line indicates the beginning of the out-of-
sample period.
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